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Abstract-An analysis is made of unsteady laminar heat transfer in a duct with periodically varying inlet 
temperature and time- and space-dependent wall temperature. The wall temperature variation is not 
specified in advance, but rather, is dynamically determined by a balance of the heat-transfer rate and 
the energy storage. In the analytical formulation, the commonly used quasi-steady assumption is lifted 
in favor of the local application of the energy equation, the solution of which leads to an eigenvalue 
problem in which the eigenvalues are complex (real and imaginary parts). The series expansion properties 
of the corresponding complex eigenfunctions, which are essential to the solution, are verified. Numerical 
results are obtained for the time and space dependence of the wall and bulk temperatures and of the Nusselt 
number. These results identify conditions under which the wall temperature variations are negligible 
and the instantaneous Nusselt number is virtually time-independent. In addition, numerical information 
on the overall nerformance of the duct as a heat exchaneer is nrovided bv means of the ratio of the 
outgoing to theincoming energy flux. It is shown that for a &de range of operating conditions, the overall 
performance can be described by a single curve. For comparison purposes, results for the overall perform- 
ance are also derived using the quasi-steady model. Quasi-steady results are evaluated for both spatially 
uniform and spatially varying heat-transfer coefficients. It was found that, for a range of operating 
conditions, the quasi-steady model is able to give accurate performance predictions, especially where it 

is used in conjunction with spatially varying heat-transfer coefficients. 

a*, 
b*, 
C, 

CP 
E, 

NOMENCLATURE 
u, axial velocity ; 

heat capacity ratio, pc&/(pc),,J; X, axial coordinate ; 
parameter, oL(pc)J/k ; Y, transverse coordinate. 
specific heat ; 
specific heat at constant pressure ; Greek symbols 
convected energy flux, equations (37) a, thermal diffusivity, k/pc,; 
and (38); Y9 real part of 1; 
heat-transfer coefficient, q/(T, - T,); AT,, amplitude of temperature variation ; 
thermal conductivity ; 4 imaginary part of 1; 
half-spacing between plates ; dimensionless coordinate, y/L ; 
half-thickness of wall ; ;I: dimensionless temperature, (T - To)/ 
Nusselt number, hL/k ; AT,; 
P&let number, UL/u ; 4 eigenvalue ; 
local heat flux/time-area ; P7 density ; 
fluid temperature ; x9 dimensionless coordinate, (x/L)/Pe ; 
bulk temperature ; 0, circular frequency. 
cycle mean temperature ; 
wall temperature ; Subscripts 
time ; W wall properties ; 
mean velocity ; Fluid properties are unsubscripted. 
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INTRODUCTION 

THE STUDY of unsteady forced convection heat 
transfer in tubes and ducts has been stimulated 
by heat exchanger applications. Processes such 
as start-up, shut-down, power surge, pump 
failure, etc. have motivated investigation of the 
thermal response of internal flows to step 
changes in thermal or hydrodynamic conditions. 
The periodic thermal response of duct flows to 
imposed cyclic variations has also been investi- 
gated, the motivation being provided by devices 
of the regenerative type through which hot and 
cold fluids pass in succession. 

In analyzing thermal transients in internal 
flows, it is common to assume that quasi-steady 
conditions prevail [ 1,2] ; that is, that at each and 
every instant of time, the fluid experiences an in- 
stantaneous steady state. From the standpoint of 
practicalcomputations,thequasi-steadyassump- 
tion is equivalent to the instantaneous applica- 
tion of steady-state heat-transfer coefficients to 
the transient process. Although such a procedure 
is defensible for turbulent flows, its validity in 
the laminar case is open to question. 

As a consequence of the aforementioned reser- 
vation, several analytical studies of transient 
laminar heat transfer in tubes and ducts have 
been performed wherein the quasi-steady as- 
sumption is lifted. Important contributions have 
been made by Perlmutter and Siegel ([3, 41 are 
representative of a series of papers) and by 
Hudson and Bankoff [5]. These authors have 
dealt with cases wherein the thermal conditions 
at the wall are prescribed (e.g. specified timewise 
variations of wall temperature, wall heat flux, 
or internal heat generation) and the inlet 
temperature of the fluid is steady. 

In certain classes of problems, the temporal 
and spatial variations of the thermal conditions 
at the wall are generally unknown a priori; 
instead, they are determined by the dynamic 
interaction between the wall and the fluid. 
Moreover, the transient may be imposed by 
timewise variations of the fluid temperature at 
the inlet. The aforementioned characteristics are 
typified by the regenerative heat exchanger. 

The present investigation is concerned with 
transient laminar heat transfer in a duct wherein 
the thermal conditions at the wall are determined 
by the dynamics of the problem and the inlet 
temperature is periodically varying. The quasi- 
steady assumption for the heat-transfer co- 
efficient is set aside, and instead, energy conser- 
vation (including storage) is applied at all points 
throughout the fluid. 

Specific consideration is given to laminar flow 
in a parallel plate channel. The fluid inlet 
temperature is assumed to vary periodically in 
a sinusoidal manner with an arbitrary frequency, 
thereby facilitating a Fourier series synthesis to 
accommodate other periodic variations. The 
velocity of the flow is unchanging with time. 
The mid-plane of each channel wall is regarded 
as insulated, as would be the case if the channel 
under study were a member of an ensemble of 
similar channels. The temporal and spatial 
variations of the wail temperature result from 
the corresponding variations of the heat-transfer 
rate at the wall, interacting with the wall heat 
capacity. In turn, the wall heat-transfer rate 
itself depends on the wall temperature. It is clear 
that there is a strong mutual influence between 
thermal processes in the wall and in the fluid, 
such a mutual influence being absent when the 
thermal state is prescribed at the wall. 

A periodic solution of the just-described 
problem is sought, and this leads to an eigen- 
value problem wherein the eigenvalues are 
complex (real and imaginary parts). The corres- 
ponding eigenfunctions are also complex, and 
these are summed in accordance with the line- 
arity of the energy equation. The coefficients of 
the resulting series are found by employing the 
specified temperature condition at the duct inlet. 
In this latter connection, it may be observed that 
the mathematical system encountered here does 
not belong to the Sturm-Liouville family and 
therefore, the well-established orthogonality and 
series expansion characteristics of Sturm- 
Liouville eigenfunctions are inapplicable. To 
establish the validity of the present solution, the 
orthogonality and expansion properties of the 
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participatingserieswereinvestigatedandverilied. 
The numerical evaluation of the solution 

provides a variety of results of engineering 
interest. These include local quantities such as 
the wall temperature and the bulk temperature, 
which vary with time and with axial position to 
an extent that depends on the physical para- 
meters of the problem. The aforementioned 
temperatures used in conjunction with the local 
instantaneous wall heat flux permit the evalu- 
ation of a local instantaneous heat-transfer 
coefficient, which can then be compared with 
the quasi-steady value. In addition, results for 
the overall performance of the channel as a heat 
exchanger are presented in terms of the energy 
carried across the exit cross section relative to 
that carried across the entrance section. 

In connection with the aforementioned overall 
performance, it was deemed worthwhile to com- 
pare the results based on the energy equation 
solutions with those based on the quasi-steady 
model. For this purpose, the quasi-steady model 
was applied in two ways: (1) using the fully-de- 
veloped heat-transfer coefficient ; (2) using local 
entrance region heat-transfer coefftcients. These 
comparisons provide insights into the para- 
meter ranges in which the quasi-steady model 
provides accurate predictions of overall 
performance. 

From a survey of the literature, it appears 
that the problem investigated by Kardas [6] 
comes closest to the physical situation treated 
here. However, Kardas employed the quasi- 
steady model (and also neglected the fluid heat 
capacity), presumably with the turbulent case in 
mind. As outlined above, the present investiga- 
tion sets aside the quasi-steady assumption, and 
instead, deals directly with the energy equation 
applied at each point in the flow. 

As a final introductory remark, it is interesting 
to observe that laminar flow regenerators al- 
ready exist in engineering practice, for instance 
[7]. The flow passages of the system described 
in the just-cited reference are flat rectangular 
ducts, closely resembling the parallel plate 
channel selected for study here. 

ANALYSIS AND SOLUTION 

Formulation of the problem 
Consider a parallel plate channel whose 

bounding surfaces are separated by a distance 
2L and whose walls are each of thickness 2e. 
A steady laminar flow passes through the 
channel. The fluid entering the channel has a 
temperature which varies sinusoidally with time. 
Owing to the timewise variation of the fluid 
temperature, heat is alternately transferred from 
the fluid to the wall and from the wall to the 
fluid. 

It is assumed that the mid-plane of each wall 
(parallel to the wall-fluid interface and displaced 
from it by a distance e) is impermeable to heat. 
Such a condition would exist, for instance, if 
the channel under consideration were one of 
several in an ensemble. Alternatively, the same 
condition could be achieved if the walls had 
thickness 8 and were insulated on their external 
surfaces. In either case, the walls are regarded 
as sufficiently thin and/or the thermal diffusivity 
sufficiently high so that the temperature vari- 
ation across the thickness of the wall is negli- 
gible.? In view of this, the wall temperature 
remains as a function of time and of axial 
position. 

Axial distances from the entrance section are 
measured by the coordinate x, while transverse 
distances are measured by y (the duct centerline 
corresponds to y = 0). 

The starting point of the analysis is the 
unsteady energy equation for the fluid, speci- 
alized to the case wherein transverse velocities 
are negligible 

(1) 

Equation (1) has been written without the axial 
conduction term in recognition of the fact that 
low P&let number flows (e.g. liquid metals) are 

t Such a state of affairs exists when the diffusion time 
for the wall, approximately given by P/(k/pc),, is substanti- 
ally smaller than the period of the timewise temperature 
variations. 
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typically not encountered in heat-transfer sys- 
tems of the type being studied herej Fluid 
property variations are also neglected. 

Next, focusing attention on the wall and using 
the aforementioned postulate of a relatively 
short diffusion time, it is sufficient to make an 
energy balance on an element of thickness L’ and 
axial extension dx. If q denotes the instantaneous 
rate of heat transfer per unit time and unit area, 
then one can write that 

@-),$ q= -k g 0 ay r‘=L 
(2) 

where Fourier’s law has also been used. The 
temperature at the interface between the fluid 
and the wall must be continuous, and con- 
sequently, T(x, L, t) = T,(x, t). With this, equa- 
tion (2) becomes 

aT k aT _= -__- 
at m), ay 

at y = L. (24 

It now remains to specify the thermal con- 
dition of the fluid at the entrance of the channel. 
The fluid temperature is assumed to be spatially 
uniform across the entrance section and to 
vary sinusoidally in time. For purposes of 
analysis, it is convenient to express the latter in 
complex exponential form, that is 

T - To = AT, eiw’ (3) 

where To is the cycle-mean temperature and 
AT, is the amplitude. 

For present purposes, it is not necessary to 
state initial conditions (i.e. at t = 0) inasmuch 
as a periodic solution is being sought. 

Solution 
To simplify the computational aspects of the 

solution, it will now be assumed that u = U 
(i.e. slug flow) where U is the mean velocity. 
This step is motivated solely by computational 
convenience and does not influence the essential 
nature of the results. 

t For instance, regenerative heat exchangers generally 
operate with gas flows. 

A periodic temperature solution of the follow- 
ing form is proposed 

8 = A eiwt X(x) Y(q) (4) 

in which 8, x, and q are dimensionless variables 
defined as 

T - To 
@=F 

XlL 
x=p, (5) 

0 

and Pe (= UL/cr) is the P&let number. Upon 
substituting the proposed solution into equation 
(l), the explicit forms of X(x) and Y(q) follow as 

X = exp [ - lzx] exp [ - (L?/a)iwX], 

Y = coslij (6) 

wherein the Y solution embodies the condition 
of thermal symmetry at the centerline of the 
channel (i.e. at y = 0). 

The quantity 1 is an eigenvalue, the numerical 
values of which are to be determined so that the 
condition (2a) is satisfied. The substitution of the 
solution (6) into equation (2a) yields 

Atan,? = ib* (7) 

where b* is a parameter that includes wall and 
fluid properties and dimensions as well as the 
circular frequency w of the imposed temperature 
variation, i.e. 

b*= 
Qww 

k 

Typically, practical values of b* are in excess of 
unity. 

Equation (7) serves as a condition from which 
the eigenvalues can be determined. The novel 
aspect of equation (7), which sets it aside from 
conventionally encountered eigenvalue prob- 
lems, is the appearance of the complex number i. 
Since b* is a real number, it follows that ;i 
must be complex. In recognition of this, it is 
natural to define 

l=y+iS (9) 

and, upon substitution into equation (7), there 
follows after use of the identities cos i6 = cash 6 
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and sin i6 = i sinh 6 and segregation of the 
real and imaginary parts 

Y s -_-._._._=b* 
tanh 6 tan y 

(lOa) 

ytanh6 + 6tany = b*. UW 

Equations (10) constitute a pair of coupled 
transcendental equations, the simultaneous solu- 
tion of which provides y and 6. 

For any given value of b*, there are a sequence 
of (y, 6) pairs which satisfy equations (10). 
Let these be arranged in ascending magnitude 
of y (the difference between successive y is 
approximately z) and labeled (rl, a,), (y z, a,), 
etc. The method and other aspects of the eigen- 
value calculation will be discussed later. 

In view of the linearity of the problem, a 
general solution for any given b* value can be 
constructed by adding together the separate 
solutions corresponding to each I, ; thus, from 
equations (4) and (6) 

0 = .zr A, exp (iwEt - (G/a) xl) 

x exp [ - n,‘x] cos An?. (11) 

To complete the solution, it remains to evaluate 
the coefficients A, and, at the same time, to 
satisfy the prescribed timewise temperature 
variation at the entrance cross section. By 
bringing together equations (3) and (11), and 
evaluating the latter at x = 0, one finds 

1 = 1 A,cos1,q. (121 
n=1 

The foregoing equation, although deceptively 
simple in appearance, is decisively different 
from the series expansions encountered in 
conventional steady-state entrance region 
analyses. The fact that the i, are complex 
places the present eigenvalue problem outside 
the framework of the Sturm-Liouville theory, 
and therefore the well-established orthogonality 
and series expansion properties of the latter 
cannot be applied. It is therefore necessary to 
prove the validity of the expansion (12) by other 
means ; this matter, as well as OrthogonaIity, 
is treated in the next section. 

For the present, let it be assumed that 
equation (12) is a valid expansion and that the 
cos Anq are orthogonal. Then, upon multiplying 
(12) by cos 1~ and integrating over the range 
q = 0 to q = 1, there is obtained 

A,, = 4 sin ,%,/(2&, + sin 21,) (13) 

where A, is a complex quantity because ;1, is 
complex. 

Equations (11) and (13), taken together, 
constitute a solution for the time-dependent 
temperature field in the fluid when the timewise 
temperature at the inlet section is a complex 
exponential, equation (3). The temperature 
solution is, correspondingly, complex. In order 
to relate the results to reality, consideration 
must now be given to the real forms both of 
equation (3) and of the temperature solution. 
As far as the former is concerned, one may 
arbitrarily employ either sin ot or cos ot. 
If the sine is selected, then the inlet condition 
becomes 

T - To = AT, sin wt, at x = 0. (14) 

The corresponding temperature solution is 
derived by taking the imaginary part of equation 
(11), following substitution of A, from (13). 
After considerable algebraic manipulation, there 
results 

x (C@“(?) Z.(x) - V”(V) WI cos ox 
+ C@.(tl) C, (x) f cp&d Z&x>1 sin 4. fW 

The expressions for Qt, rp, Z, and c are rather 
lengthy and have therefore been relegated to 
the Appendix. If these functions and their 
subsidiary computational groupings are in- 
spected, it is found that 8 depends on two 
dimensionless parameters. One of these, by 
has already been defined by equation (8). 
The second, a*, is a ratio of heat capacities, that 
is 

(16) 

It can be shown that the appearance of a* 
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in the problem stems directly from the heat 
storage term in the energy equation for the 
fluid; that is, if the heat storage in the fluid were 
neglected, a* would disappear as a parameter. 
In systems where the fluid is a gas and the wall 
is metallic, a* is very much less than one. 

Numerical evaluation of equation (15) yields 
the fluid temperature at any position (x, q) 
in the channel for any time t. Moreover, by 
taking q = 1, the wall temperature is obtained. 
In addition, the bulk temperature, wall heat 
flux, heat-transfer coefficient, overall energy 
transport, etc., can all be determined with the 
aid of equation (15) and its integrated or differen- 
tiated forms. Expressions for these quantities 
will be discussed later. 

Vuliiiity of the series expansion; ort~~o~lity 
To insure the validity of the justderived 

temperature solution, it is necessary to demon- 
strate that equation (12) represents a vaiid 
expansion ; that is, that unity can indeed be 
expanded in terms of cos A,,?, 0 < q < 1, when 
I, is complex. 

The demonstration begins by recalhng that 
the set of eigenfunctions cos I,q are generated 
by the mathematical system 

y” + LZY = 0, Y(0) = 0, 

Y’(1) + ib*Y(l) = 0 (17) 

where the primes represent derivatives and 
0 < q c 1. It is now fruitful to consider the 
related system 

P” + nP = -f(q) = -1 Pa) 

P(0) = 0, P(l) + ib*P(l) = 0. (18b) 

The choice f(q) = 1 stems from the fact that it 
is the function unity for which a series representa- 
tion is being sought By making use of the 
development given by Friedman [S] pp. 213- 
232), f (q) can be expressed in terms of the Y as 
follows 

(19) 

the integration being taken around the contour 
of a circle of radius R. 

It remains to solve equations (18) for Y 
and then to introduce the solution into equation 
(19). In a straightforward manner, one finds 

i b* cos Afq 
‘(‘) = - f + A ~0s A*(&* _ A% tan A&)‘ (‘O) 

Next, substituting into (19) and making use of 
the theorem of residues, one finds 

1 = C a, cos A,q. (21) 
7l=l 

The A,, correspond to the successive zeros of the 
denominator of the second term on the right of 
equation (20) and are, at the same time, the 
eigenvalues which stem from equation (7). 
The a, are complex constants. Equation (21) 
validates the expansion (12). 

The demonstration that the cos il,,~ are 
orthogonal is performed in the conventional 
manner (for instance, see Hildebrand [9]) 
and need not be detailed here. 

THE QUASI-STEADY MODEL 

In order to facilitate a later comparison of 
results, the problem will now be analyzed under 
the assumption that steady-state heat-transfer 
coefficients apply instantaneously, that is 

q=Wb- T,) (22) 

where q, T&,, and T, are functions of time, but h 
is time independent. Normally, when this 
model is used, h is assumed to be a constant, 
independent of axial position. However, in the 
development that follows, h will be permitted 
to be a function of X. 

In applying the quasi-steady model, cross 
sectional variations of the fluid temperature are 
not considered. Instead, one works with the 
bulk temperature, which is detined as 

where the last form is appropriate to slug flow. 
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An energy balance for a control volume spanning 
the duct cross section is obtained by integrating 
equation (1) from y = 0 to y = L, thus 

Pc&($+Ut$)= -q= -h(T,-T,) (24) 

where equations (22) and (23) have also been 
used. The energy balance on an element of the 
duct wall is expressed by equation (2), which, in 
light of (22), now becomes 

Qc), $ = h( jr, - L)- (25) 

Periodic solutions for ?& and T, may be 
written as 

0, = eim’ F(X), 0, = eiq G(J). (26) 

The I; and G functions are readily derived by 
applying equations (24) and (25), from which 
follow 

F = exp [ -b*2 II(x)] exp { - ib*[a*~ + I,(x)]> 
(27) 

G=F 
Nu(Nu - ib*) 

Nu2 + b*2 (28) 

where 

J,(X) = 
0 

I 

(2% 

J2W = Nu2N;;,2 dX 

and NU (= hL/Q is the Nusselt number. When 
the entering fluid temperature is a sine function, 
that is, equation (14), the solutions for 5 and 
T, become 

0, = exp [ - b*21,(~)] sin [cot - 

0, = exp C-b*2Ux)I Nu2NJ b*2 

JW (30) 

x {Nu sin [ot - J(X)] - b* cos [wt - J(x)]> 

(31) 
in which 

J(X) = b*Ea*X + I,WJ- (32) 

Inspection of equation (31) suggests certain 

interesting relationships between the wall and 
bulk temperatures. When b* Q Nu, then T, 
and !& are very nearly in phase, and 1 T, - z 1 
is small. On the other hand, when b* % Nu, 
there is a phase difference of nearly 90 deg 
between T, and T,; moreover, the amplitude of 
the wall temperature variation is much smaller 
than that of the bulk tem~rature variation. 

The solutions derived above, particularly 
equation (30), will be applied in the Results 
section. 

RESULTS AND DISCUSSION 

As an essential ingredient for the numerical 
evaluation of the results, it is necessary to know 
the eigenvalues A,( = y. + id,), the real and 
imaginary parts of which satisfy equations (10). 
For computational convenience, it was found 
advantageous to replace equation (lOa) by 

2y sin 2y = 26 sinh 2s. (33) 

Numerical values of y and 6 were determined by 
a trial and error procedure making consecutive 
use of equations (33) and (lob). 

The eigenvalues depend parametrically on the 
dimensionless grouping b* defined by equation 
(8). The range of b* from 1 to 100 was selected as 
a basis for numerical study, this range encom- 
passing operating conditions in regenerative 
heat exchangers.? The specific b* values for 
which eigenvalues were determined included 
1, 2, 5, 10, 50 and 100. The corresponding 
eigenvalues are listed in Table 1. In general, it 
was found that eight or nine eigenvalues were 
sufficient to provide results of high accuracy for 
all of the cases investigated here. For some of the 
b* included in Table 1 (i.e. the higher b*), a 
substantially larger number of eigenvalues were 
available, and it was thought better to list these 
values rather than to discard them. For the 
lower b* of the table, additional eigenvalues 
can be generated by successively adding II to y 
and evaluating 6 as tanh- ’ [b*/(n - 1) x]. 

t For instance, for the system discussed in [7], b* ranged 
from 10 to 30. 
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With the eigenvalues thus available, all 
quantities of engineering interest can be evalu- 
ated from equation (15) and equations derived 
therefrom. Local quantities for which numerical 
results are to be given include the wall tempera- 
ture, the bulk temperature, and the local Nusselt 
number. The overall performance of the duct- 
fluid system is represented in terms of the energy 
carried out of the duct exit section, relative to that 
carried into the duct through its entrance 
section. The just-mentioned energy outflow 
was evaluated not only by applying equation 
(15), but also from the quasi-steady solution (30), 
both with Nu = constant and Nu = Nu(x). 

Wall temperature 
The spatial and temporal distributions of the 

wall temperature follow by specializing equation 
(15) to q = 1. Numerical results depend upon 
the parameters a* and b*. For the former, 
values of 0, 0001, and 0.01 were employed,? 
yielding essentially identical wall temperature 
results within the scale of the forthcoming 
graphical presentation. For b*, space limitations 
preclude use of all the values available (i.e. 
Table l), and 1, 2, 10 and 100 were selected as 
providing representative information. 

The wall temperature results thus obtained are 
presented in Figs. 1 and 2, the first of which 
corresponds to b* = 1 and 2, while the second 
is for b* = 10 and 100. Figure 1 contains 
separate graphs for the respective b* values, 
while in Fig. 2 the results for b* = 10 and 100 
appear on a single graph. In all cases, the 
dimensionless wall temperature (T. - &)/AT, 
is plotted as a function of time at various axial 
stations x. The abscissa spans one complete 
cycle and, since the solution is periodic, this is 
sufficient to specify the results at any time. At 
x = 0, i.e. at the entrance section, the wall 
temperature is identical to that of the entering 
fluid&$ so that 

t An estimate, based on incomplete information, indi- 
cates an a* value on the order of 09005 for the system of [7]. 

$ This is because the heat-transfer coefficient is infinite 
at x = 0. 

-0 

0 0.2 0.4 0.6 0.8 I.0 

wt 2l7 / 

FIG. 1. Wall temperature results, b* = 1 and 2. 

(T, - T,)/AT, = sin wt. (34) 

A curve corresponding to equation (34) is 
shown in Fig. 2. 

An overall inspection of the figures reveals 
several significant trends. First of all, considering 
a given physical situation characterized by a 
fixed b*, it is seen that the amplitude of the 
timewise temperature variation diminishes 
monotonically with increasing axial distance 
from the duct entrance. Moreover, the maxima 
(and minima) of the successive curves are dis- 
placed in time, indicating an increasing phase 
lag as the downstream distance increases. Both 
of the aforementioned trends are connected with 
the heat capacity of the wall. The effect of the 
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wt/277 

FIG. 2. Wall temperature results, b* = 10 and 100 

wall is to dampen the amplitude of the timewise 
fluid temperature oscillations, such attenuation, 
in turn, being reflected in a dampening of the 
wall temperature oscillations. This process 
proceeds progressively along the duct. 

It is also interesting to note that the phase 
lag is very little influenced by the time x/U 
required for the fluid to flow from x = 0 to 
x = x. In this connection, it is easily verified that 
the dimensionless time (x/U)0 is equal to 
garb*. Thus, for instance, when x = 01, Q* = 
O-001 and b* = 10, the foregoing quantity is 
OMll. This is indeed small compared with the 
phase lag, evidenced in Fig. 2,t between x = 0 
and x = 0.1. The contribution of the fluid heat 
capacity to the phase lag is governed directly 
by the magnitude of (x/U) o, which is very small 
for all the cases depicted in Figs. 1 and 2. 
Therefore, it follows that the phase lags evi- 
denced in these figures are attributable to the 
effects of the wall heat capacity. 

Further inspection of Figs. 1 and 2 shows that 
increasing values of the parameter b* have a 
decisive influence both in diminishing the 
amplitude of the timewise temperature variation 
and in increasing the phase lag. Indeed, for 

tThe phase lag read from the figure must be multiplied 
by 2n before comparing with (x/U) w. 

b* = 100, the amplitude is already so small at 
x = 0.02 that curves for larger downstream 
distances essentially coincide with a horizontal 
line, within the scale of the figure. Thus, for 
all x locations except those very close to the 
duct inlet, the b* = 100 case (and, for that matter, 
all larger b*) may be regarded as having steady 
and uniform wall temperature, wherein T, = To. 
Such a model may also be useful, as a first 
approximation, for b* between 10 and 100. 

If, for purposes of discussion, the magnitude 
of b* is regarded as a measure of the wall heat 
capacity, then the aforementioned trends im- 
mediately appear reasonable. That is, a wall with 
small heat capacity experiences relatively little 
amplitude attenuation and phase lag, while a 
wall with high heat capacity experiences large 
attenuation and lag. An equally satisfactory 
intuitive argument can be made by regarding b* 
as a measure of the frequency of the imposed 
temperature oscillation. 

Bulk ~e~~era~ure 
An analytical representation for the bulk 

temperature may be derived by integrating the 
temperature solution (15) over the cross section 
in accordance with equation (23). The resulting 
expression is quite lengthy and since it, in itself, 
offers few insights, it is omitted in the interests of 
a more concise presentation. 

Numerical evaluation of the temporal and 
spatial variations of the bulk temperature has 
been carried out for the same values of the 
parameters a* and b* as were employed for the 
wall temperature. The results thus obtained 
are presented in Figs. 3 and 4, the structure of 
which is similar to that of the foregoing Figs. 1 
and 2. However, whereas the T, results for 
b* = 10 and 100 were convenient y presented on 
a single graph (Fig. 2), the Tb results for these 
b* values are expeditiously shown on separate 
graphs (Fig. 4). Within the scale of the figures, 
the bulk temperature results for b* = 1, 2, and 
10 are the same for a* = 0, 0901 and BOl. 
For b* = 100, separate curves are shown, when 
necessary, for different a* values. 
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FIG. 3. Bulk temperature results, b* = 1 and 2. 

The bulk temperature results display some 
trends similar to those already enumerated for 
the wall temperature, but there are some signi- 
ficant differences. While, as before, amplitude 
attenuation and phase lag are accentuated with 
increasing downstream distance, the influence 
of b* on these trends is quite different from that 
observed in the case of the wall temperature. 
At lower b* values, say b* = 1, the amplitude 
attenuation and phase shift displayed by the 
bulk temperature are nearly identical to those of 
the wall temperature. However, at higher b*, 
the attenuation of the bulk temperature ampli- 
tude with x is much less rapid than for the wall 
temperature (compare Figs. 2 and 4). In general, 
the dampening of the timewise temperature 

21 
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-0.6 

-0.6 

-1.0 
0 0.2 0.4 0.6 0.6 I.0 
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FIG. 4. Bulk temperature results, b* = 10 and 100. 

variations with increasing b*, which was so 
overwhelming at the wall, is much more moderate 
for the bulk. 

These findings are readily interpreted by 
regarding b* as a measure of the wall heat 
capacity. When the wall heat capacity is very 
small, the bulk and wall temperatures are 
only slightly different. On the other hand, when 
the wall heat capacity is large, the wall tem- 
perature is constrained to a nearly constant 
value, while the fluid temperature is free to vary. 

From further consideration of Figs. 3 and 4, 
it is seen that while the phase lag at smaller b* 
values is large and increases markedly with 
increasing downstream distance, the same is not 
true at large b* values. Indeed, for the latter, 
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the phase lag is substantially smaller and of a 
different character, as witnessed by the influence 
of the parameter a*. 

This behavior can be made plausible by 
noting that the phase lag experienced by the 
bulk temperature is the result of two factors: 
(1) the timewise variation of the wall tempera- 
ture, (2) the heat capacity of the fluid itself. 
At small b*, the wall temperature variation is 
relatively large and is effective in “driving” 
the fluid temperature variation. Moreover, 
since the importance of the fluid heat capacity 
is related to the magnitude of the quantity 
(x/U)o = Xa*b*, it is evident that this effect 
is small at small b*. When b* is large, the wall 
temperature is essentially constant and there- 
fore, it does not impress a phase lag on the bulk 
temperature variation. On the other hand, the 
fluid heat capacity may become significant if a* 
is large enough, as follows from the fact that 
(x/U) w = 1 when a* = 0.01, b* = 100, and 
x= 1. 

Local heat-transfer coeficient 
With a view toward assessing the quasi- 

steady model, the results of the present investiga- 
tion will now be employed to evaluate a local 
heat-transfer coefficient h. In light of the afore- 
mentioned motivation, it is logical to define h 
as it is used in quasi-steady type analyses, that is 

h=z. 
Tb - T, 

(35) 

The local instantaneous heat flux is evaluated by 
applying Fourier’s Law 

q = -k(aT/ay),=L (36) 

to the temperature solution (15). The tempera- 
tures T, and Tb are found by specializing equa- 
tion (15) in the manner already described. 
The resulting expression for h is rather lengthy 
and is, consequently, omitted. 

Heat-transfer coefficients, numerically evalu- 
ated from the just-discussed equation, are 
presented in Figs. 5 and 6 in the form of a 
Nusselt number Nu = hL/k. Each of these 
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FIG. 5. Local Nusselt number results, b* = 1 and 2 

figures is subdivided into upper and lower 
portions, each portion corresponding to a 
specific value of b*. Figure 5 is for b* = 1 and 2, 
and Fig. 6 is for b* = 10 and 100. In each figure, 
Nu is plotted as a function of time for one cycle. 
Results are given for x = 0.1 and 1.0, other x 
values having been omitted to preserve clarity. 
For all cases shown in the figures, a* = 0001. 

Inspection of the figures reveals that the 
heat-transfer coefficient, as defined above, ex- 
periences discontinuities, soaring to plus infinity 
and then returning from minus infinity. These 
excursions occur when the wall and bulk tem- 
peratures are equal, but the heat flux is not 
zero. The Nusselt number is positive during 
most of the cycle, indicating that the heat flow 
is from the wall to the fluid when T, > Tb (or 
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FIG. 6. Local Nusselt number results. b* = 10 and 100. 

vice versa). However, there is a short period 
during each cycle when the Nusselt number is 
negative, such that heat flows from the wall to 
the fluid when T, c T,. 

In a presentation such as Figs. 5 and 6, the 
quasi-steady condition for each case would be 
represented by a horizontal line. It thus appears 
that quasi-steady operation is approached at 
large values of b*. Also, in all cases, quasi-steady 
conditions are more closely approximated at 
large downstream distances than at locations 
very near the duct inlet. 

It can be reasoned that, if the fluid heat 
capacity is neglected, the local instantaneous 
heat-transfer coefficient will become time- 
independent in both limits as b* approaches 
zero and infinity. It therefore follows that the 
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greatest deviations occur in the intermediate 
range. This explains why, among the Nusselt 
number results of Fig. 5, those for b* = 1 are 
closer to quasi-steady than are those for 
b* = 2. 

In the right-hand margins of both Figs. 5 and 
6 are shown horizontal lines representing local 
steady-state Nusselt numbers for the boundary 
conditions of uniform wall temperature (T, = 
const.) and uniform heat flux (4 = const.). 
In all cases wherein quasi-steady operation is 
approached, the horizontal portion of the 
Nusselt number curve is in close accord with the 
local steady-state Nusselt number for uniform 
wall temperature. 

Convected energyflux 
The performance of the duct as a heat ex- 

changer will be characterized in terms of the 
energy carried out of the exit section by a given 
mass of fluid relative to that carried into the 
entrance section by the same fluid. Specifically, 
consider the mass of fluid passing into the duct 
during the “hot” part of the cycle, that is, when 
(T - T,) > 0. In the course of its flow through 
the duct, this mass of fluid will exchange heat 
with the walls, with the result that it will carry 
out of the duct a different amount of energy 
from that with which it entered. Clearly, the 
smaller the energy flux at exit (relative to that at 
inlet), the more effective is the duct as a heat 
exchanger. A similar discussion pertains to the 
fluid which enters the duct during the “cold” 
part of the cycle. 

Suppose that in some given cycle, the first 
element of hot fluid enters the duct at time t* 
(which may be taken as zero without loss of 
generality). Then, taking note of equation (14), 
it is clear that the last element of hot fluid enters 
at time t* + n/o. The enthalpy Ei carried 
into the duct by this mass of fluid is 

nlw 
Ei = p(2L) UC, IJ (T - To) dt 

0 

= 4pcp UL AT,/o (37) 
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where T, is taken as the datum state and 
(T - To) is from equation (14). 

If the exit section is located at a distance x 
from the duct inlet, then the aforementioned 
first and last elements of hot fluid respectively 
pass out of the duct at times t* + x/U and 
t* + a/w + x/U. Correspondingly, the enthalpy 
E, carried out of the duct is 

(38) 

The foregoing integral is evaluated in a straight- 
forward manner by employing the temperature 
solution (15). The resulting expression is quite 
lengthy and is, therefore, omitted. 

If consideration is given to fluid entering 
during the cold portion of the cycle, that is, 
when (T - ZJ c 0, the foregoing expressions 
for E, and Ei continue to apply provided that 
multiplicative negative signs are affied. For 
present purposes, the negative signs are of no 
consequence. 

For the sake of comparison, the just-described 
energy quantities may also be evaluated by 
employing the quasi-steady solution. Ei remains 
unchanged, while the quantity(T, - T’,) appear- 
ing in equation (38) is now taken from equation 
(30). It was deemed desirable to obtain E, 
results for two distinct interpretations of the 
quasi-steady model. The first (and more usual) 
approach is to assume that the heat-transfer 
coefficient is independent of x and is equal to the 
fully developed value. The second is to use local 
values of the heat-transfer coefficient. For both 
of these options, it still remains to decide which 
thermal boundary condition is to be used for 
generating the steady-state heat-transfer co- 
efficients. On the basis of Figs. 5 and 6, the 
uniform wall temperature condition appears to 
be a reasonable choice. Correspondingly, the 
fully-developed and entrance region Nusselt 
numbers are given by 
Nu = 2.47, 

Nu(x) = C f exp ( - B.‘xM~~ exp ( - B;?xM.‘l n=O 
(39) 

where /I, = (2n + 1) n/2. These were employed 
in successively evaluating equations (30) and 

(38). 
The results for the convective energy flux 

derived in the preceding paragraphs are pre- 
sented in Figs. 7 and 8 in terms of the ratio 
EJE,. This quantity is plotted as a function of 
the dimensionless axial distance x for para- 
metric values of b*. The first of these figures shows 
results for the complete solution (solid lines) and 
for the quasi-steady model with Nu = constant 
(dashed lines). The second figure contains similar 
information, but the quasi-steady model is 
based on Nu = Nu(x). In both figures, groups 
of curves are referred to either the upper or 
to the lower abscissa scale to avoid confusing 
overlap. The quantity a* does not appear as a 
parameter in the figures, because the E,/Ei 
results are independent of a*. One encounters 
this finding when integrating equation (38). 
This outcome is plausible inasmuch as time 
lag effects due to the fluid heat capacity are 
accounted for in the integration limits of 
equation (38). 

Consider first the ge,.eral trends, setting 
aside until later the comparison between the 
complete and quasi-steady solutions. Within 
the range of the abscissa, it is seen that Ex/Ei 
decreases with increasing x, indicating a general 
improvement of heat exchanger performance 
with increasing passage length. However, there 
are some interesting differences in detail de- 
pending on the value of b*. At the larger b*, 
good heat exchanger performance is already 
attained with relatively short passages, and 
only small gains are achieved by increases in 
passage length. On the other hand, when b* 
is small, short passages are not very effective 
for exchanging heat between the hot and cold 
portions of the cycle. 

A finding of practical interest is that, in the 
range of larger b*, the results are relatively 
insensitive to b*. The curves for b* = 10 and 100 
are coincident over a large part of the range, 
and the curve for b* = 5 lies very close to these. 
Thus, the performance of the duct as a heat 
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FIG. 7. Convected energy flux and comparison with quasi-steady solution for 
Nu = const. = 2.47. 
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FIG. 8. Convected energy flux and comparison with quasi-steady solution for 
Nu = Nu(x). 

exchanger is described by a single curve in the 
practical range of b*. 

It can also be observed in Figs. 7 and 8 that 
E,/E, may take on negative values. This occurs 
because of the selection of To as the datum for 
the enthalpy, and otherwise has no particular 
significance. 

Finally, attention may be turned to the 

comparison between the complete solution, 
represented by. equation (15), and the quasi- 
steady solution. Consider first the results from 
the quasi-steady model in which h is regarded as 
independent of x (Fig. 7, dashed lines), this 
approach being the most common one used 
in transient analyses of heat exchangers. Figure 7 
shows that the quasi-steady results reproduce all 
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the trends exhibited by the complete solution. 3 

On the other hand, while gross errors are not 
incurred, the quantitative accuracy of the results 4 
from the quasi-steady model are only marginally 
satisfactory. The deviations may be ascribed to 
either or both of the following: (1) the heat- 

5. 

transfer process is not quasi-steady; (2) the 
heat-transfer process is not fully-developed. 6. 
For the higher values of b*, it is believed that the 
latter is the dominant factor, while at the lower 7. 

b*, both factors are important. One rather 8, 
surprising aspect of Fig. 7 is the unexpectedly 
good agreement between the solid and dashed 9. 

curves for b* = 1. 
Consider next the quasi-steady solution based 

on an x-dependent heat-transfer coefficient, 
for which results are shown in Fig. 8, dashed 
lines. From the figure, one sees that for b* = 100 
the quasi-steady results are in excellent accord 
with those from the complete solution, while 
the agreement for b* = 10 is satisfactory. This 
is because, as demonstrated by Fig. 6, the heat- 
transfer process is nearly quasi-steady at high 
b*. For the other b* shown in Fig. 8, the agree- 
ment between the dashed and solid curves is 
somewhat better than that evidenced in Fig. 7, 
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APPENDIX 

@. = cos yntj cash 6~ 

cp,, = sin ynq sinh 6.~ 

2, = F, cos 1+5.x - f, sin e,x 

L = _L cos V&X + F, sin $.x 

but deviations still exist. where 
On the basis of the foregoing, it may be 

concluded that for laminar duct flows, the quasi- 
$,, = a*b* + 2y,6, 

steady model is a fruitful method of analysis at 
high b*, but only when used in conjunction with 

F, = t.4. - s,r, 

4: + 1.’ 
local values of the heat-transfer coefficient.? 

f” = 
s.qn + Vn 
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q. = 27, + sin 2y, cash 26, 

r, = 26, + cos 2y, sinh 26, 
t It was the opinion of one of the referees that the quasi- 

steady model with a constant Nu is a fruitful method of s, = sin y,, cash 6, 
analysis provided that an average value for the interval 
0 to x were employed in place of the fully-developed value. tn = cos y. sinh 6,. 

R&m&-On a fait la thborie du transport de chaleur laminaire instationnaire dans un tuyau avec une 
temperature d’entr&e variant periodiquement et des temperatures pa&tales dependant du temps et de 
I’espace. La variation de la temparature pa&tale n’est pas sp&if%e a l’avance, mais est pluti3t dbterminee 
par un bilan de la vitesse de transport de chaleur et de l’emmagasinement d’tnergie. Dans la formulation 
theorique, I’hypothbe quasi-permanente employ&s habituellement est levee en faveur de I’application 
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locale de I’tquation de l’tnergie, dont la solution conduit a un probltme de valeurs propres dans lequel 
ces valeurs propres sont complexes (parties r&elles et imaginaires). Les proprittb des developpements en 
s&e des fonctions propres complexes correspondantes, qui sont essentielles pour la solution, sont modifibs. 
Des resultats numeriques sont obtenus pour la dependance en fonction du temps et de I’espacc des tem- 
peratures par&ale et globale et du nombre de Nusselt. Ces resultats sont identiques aux conditions sous 
lesquelles les variations de la temperature parittale sont ntgligeables et le nombre de Nusselt instantan 
est virtuellement indtpendant du temps. En outre, I'information numtrique sur les performances globales 
du tuyau comme &changeur de chaleur est fournie au moyen du rapport du flux de chaleur de sortie au 
flux de chaleur d’entr&e. On montre que dans une large gamme de conditions optratoires, les performances 
peuvent etre d&rites par une courbe unique. Dans un but de comparaison, les rtsuhats pour les perform- 
ances globales sont Cgalement obtenus en employant le modele quasi-permanent. Les resultats quasi- 
permanents sont CvaluCs pour des coefficients de transport de chaleur soit variables soit uniformes dans 
I’espace. On a troud que, dans une gamme de conditions optratoires, le modble quasi-permanent est 
capable de donner des previsions precises des performances, sp&cialement lorsqu’il est employe en liaison 

avec des coefficients de transport de chaleur variant dans l’espace. 

Zns&mnenfassnng-Der instationare laminare Warmeiibergang in einem Kanal mit periodisch veriinder- 
lither Einlasstemperatur und zeit- und orsabhlngiger Wandtemperatur wurde analytisch untersucht. Die 
Festlegung der Wandtemperaturiinderung erfolgt nicht im voraus, sondem dynamisch nach einer Bilanz 
des Warmetibergangs und der Speicherenergie. In der analytischen Formulierung wird die gewiihnlich 
beniitzte quasi-stationare Annahme aufgehoben, urn die Energiegleichung orthch anzuwenden, wobei die 
Losung auf ein Eigenwertproblem ftihrt mit komplexen (realen und imaginlren Teilen) Eigenwerten. 
Die Eigenschaften der entwickelten Reihen der korrespondierenden komplexen Eigenfunktionen werden 
wegen ihrer Bedeutung fur die L&sung variiert. Numerische Ergebnisse liessen sich erhalten ftir die zeit- 
und ortsabhangigen Temperaturen der Wand und des Mediums und fur die Nusselt-Zahl. Diese Ergebnisse 
vermitteln die Bedingungen, unter welchen die iinderungen der Wandtemperatur vernachlassigbar sind 
und die augenblickliche Nusselt-Zahl im wesentlichen zeitabhlngig ist. Ausserdem wird eine numerische 
Auswertung ftir das Gesamtverhalten des Kanals als Warmetibertrager gegeben auf Grund des VerhHlt- 
nisses von austretendem zu eintretendem Energiestrom. Es wird gezeigt, dass fur einen grossen Arbeits- 
bereich das Gesamtverhalten durch eine einzige Kurve wiedergegeben werden kann. Zum Vergleich sind 
such Ergebnisse fur quasi-stationlres Verhalten mitgeteilt. Quasi-stationare Ergebnisse wurden ermittelt, 
sowohl fur riiumlich gleichfiirmige wie such veranderliche Warmetibergangskoefzienten. Es zeigte sich, 
dass fur gewisse Arbeitsbereiche das quasi-station&e Model1 genaue Berechnungen erlaubt, besonders 

wenn es in Verbindung mit raumlich verlnderlichen Wlrmetibergangskoeflizienten verwendet wird. 

AHHoTsqaSi-HpoBeneH aHamia HecTaqUoHapHoro naMUHapHor0 TeBnOO6MeHa B Tpy6e c 

UepUo~UsecKU U3MeHfimlqetcH TeMnepaTypoti Ha Bxoge U 3aBUcnqei OT BpeMeHU U npo- 

cTpaHcTBa TemnepaTypofk cTeHKU. ElaMeHeHUe TeMnepaTypbI cTetiKU He 3agaeTcx aapaaee, a 

onpe~en~eTcB~UHaMurecKUno6ana~cynepeHocaUHaKonneHUBaaeprua.RaHanUTU~ecKoZl 

~OpMy~UpOBKeO6~YHOUCnOJIb~yeMbIe~Ony~eHU~KBa~UCTa~UOHapHOCTU~aMeHeH~.OKa~b- 

HblM UpUMeHeHUeM ypaBHeHUR BHeplWf, pemeHUe KOTOpOrO BpUBOAUT K npo6neMe XapaK- 

TepUCTUqeCKUX LlHaYeHUti, B KOTOpblX XapaKTepUCTU'IeCKUe 3Ha'JeHUH FIBJIfIIOTCR KOMBJIeKC- 

HbIMU (AettCTBUTeJIbHaH U MHUMafi W+TU). CBOtiCTBa paaJIOmeHUH B pHn COOTBeTCTBytoIJJUX 

KoMnneKcHbIx xapaKTepucrusecrrux I&~HKI@, KoTopbre.flBnRro~~H BaH(HbIMU nnB pemeakirl, 

UBMeHFlJIUCb. HOJIyseHbJ WiCJIeHHbIe 3Ha4eHUR WiCeJI HyCCeJIbTa U BpeMeHHOft U npOCTpaH- 

CTBeHHO~3aBUCUMOCTUTeMnepaTypCTeHKUUIIOTOKa.~TUpe~yJIbTaTbIOUpep;e~B~TyC~OBUB, 

UpU KOTOpbIX TeMlIepaTypHbrMU U8MeHeHURMU CTeHKU MOMHO npene6pesb, a MrHOBeHHOe 

'IUCJIO HyCCenbTa (PaKTWfKCKU He 8aBUCUT OT BpeMeHU. HpOMe TOI'O, YUCJIOBbIe gaHHbIe II0 

o6rqet 3~~eKTUBHOCTU KaHaJla, CJlymamelt B KaqeCTBe TeUJrOO6MeUHUKa, MO?KHO nOny=IUTb 

C nOMOubH) OTHOmeHUFl BbIXOflRmerO nOTOKa 3Hepl'UU HO BXO~H~eMy. nOKaaaH0, 9TO AJIB 

UlUpOKOI'O RHanaaOHa pa6osux yCJIOBUlt 06myio ~lj+eKTUBHOCTb MOPKHO npeACTaBUTb OAHOtt 

KpUBOt. AJIfI CpaBHeHUBpeayJIbTaTbl n0 o6met B@i$eKTUBHOCTU UOJIyYeHbITaK%e C UCIIOJIb- 

FlOBaHUeM KBaaU-CTaUUOHapHOfi MO/JWIlf. 3TU AaHHbIe BbNUCJIeHbl C UCIIOJIb30BaHUeM KaK 

paBHOMepHbIX Ha OTAeJIbHbIX UHTepBaJIaX, TaK U UBMeHRIOIIJUXCR B npOCTpaHCTBe KO3i$jhi- 

UUeHTOB TeUnOO6MeHa. HafkAeHO, qT0 AJUl PJiAa pa6oqUx yCJrOBUt KBa9UCTa~uOHapHafi 

MOll;e~bMO~eT~aBaTbTO~H~epaC~eTbl~~~eKTUBHOCTU,OCO6eHHO,KOr~aOHaUCnO~b~yeTC~C 

KO'JI$@iIJUeHTaMU TeUJIOO6MeHa,U8MeHlIlO~UMUCR B IIpOCTpaHCTBe. 


